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1. rnt~oductiou 
A well-known property of the exponential map of a real Lie group G is the fact that 
for X and YEN, the Lie algebra of G, if X and Y commute then 
exp X sexp Y = exp(X + Y). (1.1) 
This follows, for example, from the well-known Baker-Campbell-Hausdorff (BCH) 
formula 
exp(X).exp( Y) = exp(X + Y + f[X, Y] + . ..). (1.2) 
where the right-hand side is an absolutely convergent series, involving higher-order 
brackets of X and Y, and (1.2) is valid for all small X and Y. For an exposition of this 
and any other facts Soncer3ing real Lie groups see [l]. The reason that (1.1) holds is 
that if X and Y commute so do tX and tY for real t so that by (1.2), exp’ 
tX mexp tY = expt(X + Y) for small t, since all the other terms in the formula are 
zero. But then, by the identity theorem for real analytic functions, this holds for ali t. 
Taking t = 1 gives the result. 
Now, since the log inverts exp locally at the origin, and X and Y are small in (1.2), it 
follows that an absolutely convergent series of these brackets is also small. Hence 
log(exp(X)*exp( Y)) = X + Y + +[X, Y] + ... = f C,(X, Y), 
n=l 
(1.3) 
where for each n, C,(X, Y) is a fixed (universal for all Lie groups) homogeneous 
polynomial in the coordinates of X and Y with rational coefficients consisting of 
brackets of degree n. (1.3) is also called the BCH formula. In the case that G is 
a connected nilpotent Lie group, g is a nilpotent Lie algebra so, for sufficiently high n, 
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ail commutators of order n equal zero. This means that the BCH formula becomes 
a polynomial and hence converges everywhere on g. not just near 0. As is well known, 
if G is a connected and simply connected nilpotent Lie group, then the fact that in this 
case the exponential map is an analytic diffeomorphism and (1.3) is a polynomial map 
gives an alternative way of defining a simply connected nilpotent Lie group; namely, 
one modeled on Euclidean space with polynomial multiplication. 
We first show that, in various cases, the BCH formula implies the converse: if (1.1) 
holds for a particular X and YE g then [X, Yl = 0. Notice this does not simply follow 
from the second-order approximation to BCH, c 
exptX.exp tY = exp(t(X + Y) + $[X, Y] + O(t’)). 
This is because we cannot be sure that exp tX - exp t Y = exp t(X + Y) for ail small t. 
Of course, if this were so then by choosing t small enough so that exp rX, exp t Y, exp 
tX - exp t Y and exp t(X + Y) ail lie in a canonical neighborhood, 
expt(X + Y) = exp(t(X + Y) + f[X, Y] + 0(t3)). 
Inverting we would see that $[X, Y] + 0(t3) = 0 and then taking $ at t = 0 would 
yield [X, Y] = 0. 
Suppose that G is a p-adic linear group. Then exp is defined by taking the usual 
power series, but here convergence is with respect to the ultrametric norm and so, 
unless g is nilpotent, the exponential map on 9 is only locally defined (see e.g. [3]). 
Similarly, if X and Y he in a neighborhood around 0 in g where exp is defined and [X, 
Y] = 0 then (1.1) also holds by the same argument as in the real case. In the real and 
p-adic cases, respectively, we shall say that G has the additive exponential property if, 
for an Y and YE g, its Lie algebra, respectively for a small X and YE g, (1 .l) always 
implies that [X, Y] = 0. Section 2 studies this question in the case of a real connected 
Lie group while Section 3 does this for a p-adic linear group. It turns out that real Lie 
groups having the additive exponential property must be nilpotent and can be 
completely characterized. By contrast, in the p-adic case, except for some condition on 
the field, all groups have the additive exponential property. 
In Section 4 we turn to a closely related, and rather natural, question raised by 
Gerhard Hochschiid, namely, what can be said sbout a connected real Lie or p-adic 
linear group, G, and an X and Y in its Lie algebra g, satisfying 
exp Xeexp Y = exp Yaexp X. (1.4) 
Using the BCH formula and the identity theorem, by an argument similar to the one 
above, (1.4) must be satisfied if [X, Y] = 0. In an analogous manner we shall say that 
G has the multiplicative exponential property if for any particular X and YE g, 
respectively a small X and YES, (1.4) always implies that [X, Y] = 0. Here the real 
Lie groups with this property are more inclusive then those having the additive 
exponential property, and comprise all simply connected solvable groups of type E; 
conversely, if a real Lie group has the multiplicative exponential property it must be 
solvable and the Lie algebra adjoint representation has no purely imaginary roots 
(Theorem 4.3). As a consequence this gives a new characterization of simply connected 
solvable groups of type E (Corollary 4.4). It follows that a connected Lie subgroup of 
a simply connected solvable group of type E is itself of type E, if exp X is in such 
a subgroup, the same is true for exp tX for all real t and also that the center of such 
a group is connected (Corollaries 4.5, 4.6, and 4.7). 
Similarly, by contrast, in the p-adic case, all groups have the multiplicative ex- 
ponential property. Analogously to the real case those with the multiplicative ex- 
ponential property are also more inclusive than those with the additive exponential 
property in that here there is no condition on the field. 
2. The additive exponential property for a real connected Lie group 
Theorem 2.1. Let G be a Lie group and X and YE g and have small norm. If 
exp(X)aexp( Y) = exp(X + Y), then [X, Y] = 0. If G is a connected and simply connec- 
ted nilpotent group and X and Y are any elements of g satisfying (1.1) then [X, Y] = 0. 
Proof. Using the fact that exp is locally (resp. globally) a diffeomorphism, by (1.3) we 
getX+ Y=X+ Y+)[X,Y]+ . . ..Thatis. 
0 = f[X. Y] + T[X, Y]. (2.1) 
First suppose g is nilpotent. Then by the above polynomial formula we see that Tis in 
the Q-associative subalgebra of gl(g) generated by ad(g). Hence, if [X, Y] # 0 then 
T has - i as an eigenvalue. Since g is nilpotent, the Lie subalgebra d(g) of gl(g) can 
be put in simultaneous triangular form with zeros on the diagonal. But then the 
associative algebra this generates is also of this form. In particular, T is a nilpotent 
operator and so all its eigenvalues are zero, a contradiction. In the general case we 
have Tin the Euclidean closed associative subalgebra of gl(g) generated by ad(g) and 
satisfying (2.1); so this time T = f (X, Y) is the sum of an infinite series uniformly 
convergent on a compact neighborhood of 0. Sincef(X, Y) is therefore continuous at 
0 and f(0, 0) = 0, we can choose X and Y with 11 X 11 and II Y II sufficiently small so that 
II Tlls~cs, c -$ * k. However, this norm is equivalent to max ( Ii1 (2 E spec( T)}. If k is the 
constant relating these norms this a!so gives a co ntradiction umess [X, Y] = 0. I-J 
We next give a construction which shows that, in the nilpotent version of 
our theorem, the group must have some kind of restriction such as, for example, 
simple connectivity. Let g be a 2-step nilpotent Lie algebra, G the connected and 
simply connected nilpotent Lie group with Lie algebra 9 and X and YES. Then 
3 [X, Y] ~3(g), the center of g. Hence by the first paragraph of the article 
exp,($ [X, Y])*expG(X + Y) = exp,(X + Y) + f [X, Y]). But by BCH this is 
exp,(X).exp,( Y). Thus 
expG (x) ’ expG ( Y) = expG (‘r [x3 Y] ) ’ expG (x + Y). (2.2) 
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Now let H = G/f? where r is the discrete central subgroup of G generated by 
exp, ($ [X, Y]) and 7~ be the covering map G + H. By the commutativity properties of 
the exponentiai maps we see from (2.2) by applying 7~, that 
exp,(X).exp,( Y) = exp,(X + Y). Since X and Y were completely arbitrary, if the 
statement were true without restriction then g would be abelian; a contradiction since 
g was assumed to be 2-step nilpotent. 
We now turn to an example. Let G be the connected real ax + h group. Then its Lie 
algebra CJ consists of 
a h 
x= ( ) 0 0’ 
where a and 17 are real. A direct calculation shows that 
( en exp X = b(e” - 1)/a 0 > 1 * 
so that, taking 
Y= 
(1.1) holds iff 
& - 5 + a(a ‘+ c) = 0. 
ac 1 
Now [X, YJ = 0 if and only if the first factor is zero. So the extraneous olutions are 
those satisfying 
ae”” - (a + c)ea + c = 0. 
If, for example, a = 1 anli S(c) = e1 +’ - (1 + c)e + c, thenf(0) = 0 andf’(c) is posit- 
ive, negative or 0 according to whether c greater than, less than or equal to log 
(e - 1) - 1. Since lim,_,f’(c) = 1 - e, it follows that f(c) = 0 for a unique c < 0. 
Taking b and d > 0 we see that [X, y3 # 0 and the above equation is satisfied. 
This example shows that in the lowest dimensional, non-nilpotent, simply comrected, 
solvable Lie group, one whose exponential map is a global real analytic diffeomor- 
phism, there are elements X and Y Eg for which (1.1) holds but [X, Y-J # 0, thus 
showing both that our global result on nilpotent groups is best possible and that our 
local theorem concerning arbitrary Lie groups cannot be improved to a global result. 
Applying our local theorem to the ax + b group we get the following curious result. 
Corollary 2.2. There is a punctured neighborhood U of 1 in the real line which contains 
no solutions to any of the equations 
t’+“-(1 +i)t+i=O, 
where i; is real and # 0 or - 1. il 
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Clearly, if G has the additive exponential property then so does H if 1-I is a connec- 
ted Lie subgroup of G. We have shown earlier that corresponding to each I-step 
nilpotent Lie algebra there is a (non-simply connected) connected nilpotent Lie group 
which does not have the additive exponential property and that the ax + b group does 
not have the additive exponential property. We now consider the example of a 3-di- 
mensional solvable real Lie algebra given as follows 
9= v = (VI, v2) E 532, i E R , 
where A f 0 is the real matrix 
Using the fact that tAZ = tal + tbJ where J is the 90” rotation and that these 
commute, we see by (1.1) that the associated simply connected Lie group is the 
semidirect product of the plane being acted upon by a 1 parameter group of spirals 
given by 4(t) = ef’Rb,, where Rbr is the rotation through angle bt. 
If b = 0 then, since G is the group acting on the plane by homotheties which 
contains the ax + b group and we already know that the latter does not have the 
additive exponential property, neither does G. Thus we may assume that b # 0. By 
a calculation similar to the one for the ax + b Lie algebra it follows that 
Therefore, also in a manner similar to a previous calculation, if Y = (s, wj then (1.1) 
holds if and only if 
exp(s+ t)A-I 
(s + t) A 
(2.3) 
Now let s = 0, but t, v and w be arbitrary. Then 
exp :“A - ‘(v + wj = exp tA(w) + exp :“A - l (v)_ 
Since w is a linear operator, this says that -(w-j = exp tA(w). But, because 
exp tA is invertible and commutes with tA and w is arbitrary, replacing t by - t we 
have 
Z + tA = exp tA. (2.4) 
Suppose that (2.4) has a non-trivial solution to. Then, taking Y = (0, w) and X = (to, C) 
we see that (2.3) is equivalent to (2.4). Thus (1.;) is satisfied by these elements, but 
[X, Y] = 0 iff t&w) = 0. Since to # 0 and w was arbitrary, we have [X, Y] # 0. In 
this case G does not have the additive exponential property. 
To better understand (2.4), we pass to its complex form 
1 + tzO = erzo, (2.5) 
where z. = a + hi. Assuming that both a and h are # 0 we see that the existence of 
a non-trivial solution to (2.5) reduces to the following obvious fact: Afz outward 
logarithmic spiral in the plane must hit each line infinitely @en. (Of course, the 
Euclidean motion group and the group acting by homotheties donot do this: if the 
logarithmic spiral degenerates to a circle then there are lines too far away to reach. 
Actually in our case the circle is tangent to the line, but doesnot hit twice. If it 
degenerates to a ray then it can hit another line at most once.) Thus we see that if both 
a and h # 0 the semidirect product of the plane being acted upon by a l-parameter 
group of spirals with infinitesimal generator A does not have the additive exponential 
property. 
Now assuming, as we may, that a = 0 and substituting s = t and c’ # \V in (2.3), and 
letting u - \V = u, we get exp (2t) A + I = 2 exp tA at u, and since these operators are 
linear this equation also holds at u = 0. But, because a = 0 this means that 
RZhr + I == 2 Rbr. Equivalently, Rbt + Rehr = 21. Taking the trace of both sides tells us 
cos bt = 1, so TV (2x/b)Z. Clearly this last condition itself implies Rhr + R_b, = 21. 
Thus if X = (t, u) and Y = (t, w) where t = 2x1*/b, I’ # 0 E Z and c # \v, then (1.1) holds. 
On the other hand since t # 0, [X, Y] = 0 iff A(u) = 0. But det A = a2 + b2 > 0 and 
this would mean that u = 0, a contradiction. Hence for this X and Y (1.1) holds, but 
[X, Y] # 0. This means the universal covering group of the Euclidean motions of the 
plane also does not have the additive exponential property. We have therefore proven 
the following 
Corollary 2.3. The semidirect product of the plane being acted upon by a l-parameter 
group of spirals Gth i+zitesimal generator A does not hacr the additive exponential 
property unless A = 0. 0 
Our final example is the group SU(2, C), which we view as quaternions of norm 1. 
Its Lie algebra g consists of the pure quaternions, namely the space spanned by i,j and 
k. Since the Euclidean norm &-II is multiplicative the quaternions Q form a real 
Banach algebra and therefore the exponential series converges (absolutely and uni- 
formly on compacta of Q) and I-laps g onto G. It is the exponential map of G. A direct 
calculation shows that, 
Ml X II). x 
ev X = coNXIl) + -m . 
Hence if we choose X and Y linearly independent and of norm 27r and in the X, Y 
plane the angle between X and Y is 27113, then by the parallelogram law 11X + Y 11 also 
equals 27~. Hence exp X, exp Y arid exp X + Y are all equal to 1. But since X and Y are 
linearly independent [X, YJ # C. This means that SU(2, C) also does no: have the 
additive exponential property. 
Since in the result below G and H both have the same Lie algebra the lemma follows 
simply by applying the covering map. 
Lemma 2.4. Let G be a simply connected Lie group which does not have the additive 
exponential property and H be any locally isomorphic group. Then H also does not have 
the additive exponential property. 0 
In particular, Lemma 2.4 applies to the following simply connected groups: the 
ax + b group, the spiral group and SU(2, C). Of course, since the ax + b group is 
centerless there are no locally isomorphic groups in this case. 
Theorem 2.5. If a connected real Lie group G has the additive exponential property then 
it is nilpotent. 
Proof. The Lie algebra of any semisimple Lie group T without compact factors 
contains a copy of sl(2, R) which in turn contains the Lie algebra of the ax + b group 
in the form 
where a and b are real. Hence T contains a copy of a group locally isomorphic with the 
ax + b group, i.e. the ax + b itself, and since this group does not have the additive 
exponential property neither does T. On the other hand because G has the additive 
exponential property so must the noncompact part of a Levi factor S. This is 
impossible unless S is compact. As such its Lie algebra g contains a copy of su(2,C) 
and S itself contains either SU(2, C) or SO(3, R). Our last example shows this is also 
impossible. Thus S is trivial and therefore G is solvable. 
We now apply Lie’s theorem to the adjoint representation of g. If i is a real root 
with root vector Y # 0~9 then [X, Y] = iL(X)Y for all XE g. If A(X) # 0 for some X, 
then we would have a subalgebra isomorphic to the Lie algebra of the ax + b group, 
which is impossible. Hence A(X) = 0 for all X. On the other hand suppose tl is 
a complex root with root vector Z +: 0 E gr; then 6 is also a root vector Z- # 0 E gc. In 
this case there would exist Yi and Yz E g which are linearly independent such that for 
all XE~, [X, Yi] = i(X)Y, + p(X) Yz and [X, Y,] = - cl(X)Yi + ii(X)Y,. Taking 
X = Y, in the first equation shows chat the space spanned by Yi and Yz forms 
a subalgebra, say h. This means that Y, and Yz must commute for otherwise we would 
again have an ax + b subalgebra of g. If there is an X for which (adX),, # 0, then 
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g would contain a 3-dimensional spiral subalgebra. Since by the above this is 
impossible (ad X), = 0. This proves that all these root forms 
%j(X) and 
i;j(X) Pj(x) 
- Pj(x) ij(x) > 
are identically zero, which means that ad, is nilpotent for all X. Hence ad(g) and also 
g itself is nilpotent. 0 
We now turn to the question of when nilpotent Lie groups have the additive 
exponential property. 
Theorem 2.6. A nilpotent Lie group S V, ith Lie algebra g has the additive exponential 
property if and if whenever [X, Y] E ; gi, the center ofg, and exp ($[X, YJ) = 1 then 
[X, Y] = 0. 
Proof. We will show that (1.1) is f uivalent to the condition [X, y3 ES(~), and 
exp($[X, Y]) = 1. It is well known in 1 t e case of a nilpotent Lie group that a maximal 
compact subgroup K of G is containe.. n Z(G), the center. Hence K is normal. Clearly 
G/K has no non-trivial compact subgr mps and therefore is simply connected. Since 
here Z(G) is connected it follows from the exact sequence 
(l)-+Z/K-+G/K-+G/Z-+(l) 
and the fact that Z/K is connected that G/Z = Ad(G) is also simply connected. Now 
suppose that X and YE g satisfy (1.1). Then 
Ad exp x - AL, Y = ALptx + Y) 
and hence 
Exp adx - Exp ad, = Exp adx+ y = Exp(adx + ady). 
Since Ad(G) is simply connected and ni!potent, Theorem 2.1 tells us that it has the 
additive exponential property. Hence [adx, ady] = 0 = adtx, yI and so [X, Y] E 3(g). 
Now suppose for the nilpotent group G, only that [X, Y] ES(~). Then the 
BCH formula holds globally and tells us that for all X and YE g, 
exp Xeexp Y = exp(X + Y + f [X, Y]). But, since f[X, Y] ES(~), this means by BCH 
that (2.2) holds. It follows from this that (1.1) holds iff exp $[X, Y-J) = 1. Cl 
This result can now be used to show that the construction made above holds for 
groups with index of nilpotence r 2 2, not just r = 2. 
Corollary 2.7. Let g be an arbitrary r-step nilpotent Lie algebra where r L 2. Then 
there always exists a group H with Lie algebra g such that H does not have the additive 
exponential property. 
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Proof. Let G be the connected and simply connected nilpotent Lie group with Lie 
algebra g. By looking at the generating set of the last non-zero member gr- 1 of the 
descending central series of g we can choose X and YEg so that [X, Y] # 0 but 
[X, Y] E j(g). Let r be the discrete central subgroup of G generated by exp,($[X, Y]) 
and H = G/T. Then exp,() [X, yf) = 1 and since [X, Y] ES(~) we know that 
exp, X *exp, Y = exp,(X + Y). Since [X, Y] # 0, H does not have the additive 
exponential property. 0 
The following result gives a generalization of the simply connected case where there 
is always a faithful (unipotent) representation. 
Corollary 2.8. Let G be a connected nilpotent L.e group with G continuous .faith&ul 
finite-dimensional linear representation. Then G hcs the additive exponential property. 
Proof. A connected nilpotent Lie group G has a iithful representation if and only if 
[G, G] is closed and simply connected. Let G be s.. :h a group, g be its Lie algebra and 
suppose that [X, Y] E j(g) and exp(+ [X, Y]) =- or, indeed, even just the latter 
condition. Then since [G, G] is simply connected .J d therefore the exponential map is 
injective on [g, g], $[X, Y-J = 0 and therefore CA’i’ Y] = 0. q 
The previous corollary shows that this last ret ult fails if the nilpotent group does 
not have a faithful representation since the H then ..:h~arly has a non simply connected 
derived subgroup. 
We now get the following companion result tc L corollary above. 
COFO~~~FY 2.9. FGT each integer r there is a non-sl P Ay connected r-step nilpotent Lie 
group which has the additive exponential property 
Proof. Take any simply connected nilpotent Lie group with index of nilpotence r (for 
example the full unipotent group of order r + 1) and then let G be its direct sum with 
a torus. Since the torus is in thr: center of G this does not change the index of 
nilpotence. Clearly G has a faithful representation and so by our corollary has the 
additive exponential property. Ci 
3. The additive exponential property for a p-adic linear group 
We begin by stating one well-known property as a lemma. 
Lemma 3.1. Let V be a vector space over a p-adic$eld F, and 11 - Ii be a norm an V. 
Suppose that x,, x2, . . . E V satisfy x,7=, xj = 0 and M = max { 11 xjlll j > 1 ‘,. Then 
[I Xj 11 = M for at least two values of j. q 
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One key to dealing with the exponential map over a p-adic field which is very 
different from the real case is the following simple lemma: 
Lemma 3.2. Let g be a Lie algebra ooer a p-adicjeld F, and suppose that X E g satisfies 
exp X = 1. Thert X = 0. 
Proof. If exp X = 1. then exp nX = 1 for all lr E Z+ ; in particular, exp pk X = 1 for all 
kEZ+. Since pkX + 0 and exp is injective near 0, pkX = 0 for large k. Therefore 
x=0. 0 
We now turn to p-adic linear algebraic groups. Here our results concerning the 
additive exponential property are not as definitive as in the real case. We begin by 
considering when the equation associated with the additive exponential property 
makes sense. 
Let F be a finite extension of CD,, the field of p-adic numbers, G be the group of 
F-rational points of :.m algebraic group defined over F, regarded as a subgroup of 
GL(n, F) and g be its Lie algebra. Then exp, is the usual exponential power series map 
given by ExpX = CT=, X,/j!. If A = (ai. j) ~g s M(H, F), define [IA II = maxi.jlai,jl, 
where I-1 is the absolute value on F. We let 6 be the ring of integers of F, B the prime 
ideal of 0, and a0 the valuation on F (so that co(a) = r if aE9’ - Y+‘, and 
~~(0) - + co). We can produce an equivalent valuation by multiplying u0 by any 
scalar, and we define a new valuation u by setting u(x) = z~&)/u~(p). This has the 
advantage of making v(p) = 1. WC extend G’ to a valuation on the algebraic closure of 
F. Let U”(A) = mini,jo(ai.j). Then Exp X converges ilf lim,,,,6(X”) - u(~I!) = 
We know that 
U(2 ! ) = 
[I [I 
; + ; + . ..* 
In particular, 
u(pnl!) = pm-’ + 
If X is semisimple, let i be the eigenvalue of X 
r;(Xmj - ~(2’“) is uniformly bounded, so that we may 
Then up to a constant, 
m-2 
-1 
P + . . . +p+l,p” p- 1’ 
with smallest valuation. Then 
use u(i.“) to approximate i7( P). 
u-,(XP’“) - u(p”!) = p”u(i) - ~=p~(ll(4-~)-~. 
+ cc. 
By use of the Jordan canonical form, a similar estimate holds for arbitrary X. 
Therefore the series converges only if u(A) > l/(r, - 1). By passing to the algebraic 
closure and conjugating X into Jordan form we see that this condition is also 
sufficient. Thus we have proved: 
Lemma 3.3. Let F be a p-adicjeld, c the valuation on F such that c(p) = I (estended to 
the aigehraic closure of F). If X E M(n, F), the series for esp X conrerges ifl 
c(;.) > l,Jp - I) where i is the eigewalue qf’X with rninimm LJalrmtior!. ii 
If G is nilpotent, then 9 is nilpotent and the same argument as in the real case shows 
that the anaiogue of Theorem 2.1 also holds here. Thus Exp X - Exp Y = Exp(X + Y) 
iK [X, Y] = 0. For other groups, we let 
go = {X~glt‘(X) > l/(p - 1); and Go = Expgo. 
Although go # Dom(Exp), it is a Lie ring. Now Go is an open subset of G, and it is easy 
to see from Dynkin’s form of BCH [33 that the series in (1.1) converge for X and 
Y ego (see below). This is what was meant by mall in the definition of the additive 
exponential property given in the Introduction. In this section we shall con der only 
X, Y E go, and say that G has the additive lzsponerltial propert>* OH go if for X, YE go, 
(1.1) holds only when [X, Y] = 0. 
We remark that there may well be elements X and Y$ go both of whose eigenvalues 
each have valuation > l/(p - l), but that the eigenvalues of [X, Y] have valuation 
I l/(p - 1). For example, if 
and Y= 
then X and Y have + p as eigenvalues, but 
has eigenvalue:- k (p’ - 1). 
Proposition 3.4. Let F, G, g, go attd Go be as abot:e aud suppose that X aitd YE go 
satisfy (l.l), \r.itlz [X, yl Z 0. 1f (x = min(z’(X), i’(Y)) then r(p)!(p - 2) 2 x > c(p)/ 
(P - 1). 
Proof. We will assume for definiteness that c(X) = x; we shall see that this does not 
affect the prooi materially. Since the upper bound is infinite when p = 2, we may also 
assume that p is odd. In view of Lemma 3.2, solving ( 1.1) is equivalent o solving (2.1). 
Then, as before, - s must be an eigen+alue of T. in Dynkin’s formulation of BCH, the 
coefficient of the brackets with n, X’s and n2 Y’s is a sum of terms 
(- 1)r+* 
rpi!ql! -.- pr!qr!’ 
where pi + qi > 1, xpi = IZ 1, C qi = 112 and 1 I i I r. 
Let c’(Y) = j?. Then a typical term of this form has valuation 
2 friX + fl$ - x(c(pi!) + L’(qi!) - c(r). Let ;’ = tt( [X, Y]), and consider the minimal 
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valuation of all terms with n = n, + n2. We cannot have n2 = 0, since [X, X] = 0, so 
that the numerator has valuation 2 (M - 2)r + y. As for the denominator, we want to 
maximize its valuation. We never gain an advantage from having both pi and qi > 0; 
since we want as many X’s in the expression as possible, we set qi = 0 for all i except 
i = t. We clearly want as many of the pi as possible to be powers of p, but there is never 
an advantage to having pk of the pi the same, since then we can replace them by 
a single pi and increase the valuation (unless k = 1, when the valuation may remain 
the same). From this we see that if we are looking at the terms with the lowest total 
valuation, we should take I? = 3, n = p, n = p” + 1, or n = p” + p - 1. These terms all 
have valuation 2 z + y for n = 3 (unless p = 3). For M = p (including p = 3), the 
valuation is 
2 y + (p - 2)a - u(p) = y - x f (P - 1) 
( 3). u - 
If n = pm t 1, the valuation is 
2 y + (p” - 1) 
( 
(P’” - 1)0(P) o! - 
P-l ) 
=y+(p”- 1) cc- ( 3). 
If n = p” + p - 1, the valuation is 
2y+(prn+p-3)cr- 1+ ( @;y)I;(P) 
Since cx > v(p)/(p - l), the smallest possible valuation occurs when n = 3 or p. 
If (1.1) is to hold, then both sides must have the same valuation. That of the 
left-hand side is y. since p is odd. Thus, since cy > 0, (1.1) cannot hold if the smallest 
term has valuation y i- CI. If the valuation of the smallest erm is the valuation of any 
term other than the one for n = p, then the valuation is at least the valuation of the 
term for n = 2p + 1, namely 
y - 3! + (2p - 2)(a) - * 
?- 1’ 
or of the term where n = p + 1, that is 
D(P) 
Y + (P - l&G - - 
p- 1’ 
The latter cannot be I y. The former is I y only if tl I (2p - 2)(g) - u(p)& - 1). 
This means that Q I Zv(p)/(p - l), which cannot hold because x > 2v(p)/(p - 2). 
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We conclude that (I. 1) holds only if the 11 = p term of ( 1.2) has valuation equal to 
that of - =J[X. Y]. This means that 
V(P) 
;‘>;J--rf(p- I)(a)-- 
p- 1’ 
or x I ~(pj/(p - 2) as claimed. D 
Since x is an integer when F = Q, we get the first statement ofthe following theorem 
as a consequence of Proposition 3.4. The second statement is proved similarly. 
Theorem 3.5. If G is the group of Cl6rational points of an algebraic group dejked over 
CP, uphere p > 3, then G has the additive exponential property on go. Zf F is a jnite 
extension oj’a;P, of ramijcation index < p - 2, and G is the group of F-rational points of 
an algebraic group defined over F, then G also has the additive exponential property on 
90. 0 
We now show that, in general, some condition on the field F is necessary in 
Theorem 3.5. Indeed, suppose F has an element o satisfying 
t’(w) = (p - 2j- l (3.1) 
and c.+‘-~ = cp, where c is a unit such that the equation below has a solution in F: 
xp-2 = (2c)_ 1. (3.2) 
By Hensel’s Lemma, (3.2) holds whenever we can solve xpe2 = 2c-’ (mod 9’). Now let 
g be a Lie subalgebra of M(n, F) containing elements X, YcM(n, 6) satisfying 
[X, Y] = Y. We will show that G does not have the additive exponential property on 
go* 
We solve the equation exp( - awX) - exga/aiiiX i w Y) = exp(w Yj. It is known (see, 
e.g.: [ 1, p. 116-j) that, in this case, 
exp( - awX) - exp (aoX + 0 Y) = exp C ____ 5 ' - I)' (ad,,x(wY)) 
j=O(j+ l)! 
which in turn equals 
fw C ( m (-a4J(Wyl . j=O (j + l)! . > 
Since we want this to equal exp(oY), we need 0 = cJ?_O ( - zo)j/( j + I)!. Let 
We want !O SO~W &aj = 0. 3~ this expressive, every term but the constant term and 
the term acr>p-2.‘p! has valuation > 0; since oF2 = cp and (p - l)! = - I (mod p) 
fWiIson’s Theorem), solving #(.t) = 0 (mod 9’) reduces to solving 
This is possible, by (3.2). Also. 
The term withj = p - 1 has valuation 0 for this choice ofs, while every other term has 
valuation > 0. By HenseTs Lemma, &aj = 0 has a solution with a = x (mod -9). This 
proves the claim that G does not have the additive exponential property on go. 
When p = 3, (3. I ) is vacuous and (3.2) is automatically satisfied since [X, Y] = Y 
for 
and Y= 
As these elements are in sl(2, QJ) and copies of sl(2) generate any semisimple algebraic 
group we get: 
Coroitary 3.6. No semisimple algebraic group mer Q3 has the additice exponeutial 
property. El 
4. The multiplicative exponential property for real connected Lie groups and p-ad& 
linear groups 
We now turn to the problem of characterizing those real connected Lie groups 
possessing the multiplicative exponential property. As we shall see, in the nilpotent 
case these actually turn out to be the same as those having the additive exponential 
property. 
Tfieorem 4.3. Let G be a connected nilpotetzt tie group. Then G has the multipkatke 
exponential property if arzd OH/_V if whernecer [X, Y-J ~&j and exp (LX, Yj j = 1 then 
[X, Y] = 0. 
Proof. Let X and Y ECJ and satisfy (1.4). We shall first assume that G has a faithful 
unipotent representation. By induction we see that for tlE.Z, 
exp nX -exp n Y = exp n Yaexp 12X. Since for t c $2, 
exp tX sexp t Y - exp 1 Y.exp tX 
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is a polynomial in t with infinitely many zeros it must be identically zero. In particular, 
for positive t, [exp t li2X, exp t’!2 Y] = 1. Taking t small and differentiating 
[exp t li2X, exp t ‘I2 Y ] = exp(t[X, Y] + O(t3j2) 
at t = 0 gives [X, Y] = 0. 
We will complete the proof by showing in general that (1.4) is equivalent to 
[X, Y] E J(g) and exp ([X, Y]) = 1. From (1.4) we get Ad,,,* - Ad,,, y 
= Ad,,, r.Adexpx so Exp ad X * Exp ad Y = Exp ad Ye Exp ad X. Since Ad(G) 
is a connected unipotent real linear Lie group, it follows from this as above that [ad,, 
ad,,] = 0 so that [X, Y] E s(g). As G is nilpotent and [X, Y] E s(g) we see, as above, 
that (2.2) holds for all X and YE g. Now suppose that for the nilpotent group G, only 
that [X, Y] E 3(g). Then interchanging X and Y in (2.2) yields 
exp YeexpX = exp( Y + X).exp(+[ Y, Xl). 
Since exp (X + Y) = exp( Y + X) and we are in a group (1.4) is equivalent to 
exp(t[X, Y]) = exp($[Y, X]) = exp( - i[X, Y]), that is to exp ([X, Y]) = 1. Cl 
A particular case of the following result is that the Heisenberg group has the 
multiplicative exponential property (Theorem 2.1 am’ Coro!lary 4.2). 
Corollary 4.2. Let G be a connected nilpotent Lie group. Then G has the multiplicative 
exponential property if and only if it has the additive exponential property. 
Proof. This result follows from a comparison of ‘Theorems 2.6 and 4.1. If exp 
(f[X, Y]) is 1 then clearly so is its square exp ([X, Y] j. On the other hand suppose 
[X, Y] E 3(g) and exp([X, Y]) = exp(f[2X, Y]) = 1. Then since [2X, Y] E 3(g) we 
find that [2X, Y] = 0 and hence also [X, Y] = 0. 3 
In this connection however, notice that (1.4) need not imply (1.1) since if exp 
($[.X, Y]) is anything of order 2 then its square, exp([X, Y]) = 1. Also if G does not 
have the additive exponential t, nroperty then also (1 .I i need not imply (1.4) since (1.1) 
may not hoI1 <tith X and Y reversed. 
We now turn to non-nilpotent groups. Clearly, by the ca!culations concerning 
SLJ(2, C) above, but simpler, this group does not have tbP I\,multiplicative exponential 
property. However, as we shall see, the same cannot be said of the ax + b group, nor 
indeed of any exponentia! spiral group. We next consider the universal covering 
(Gy n) of G = SL(2, R). Let 
and Y= 
be elements in the Lie algebra and t E R. Then [X, Y] # 0, since a matrix which 
commutes with a diagonal matrix, with distinct eigenvalues, must itself be diagonal. 
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On the other hand, since exp,(X) and exp,(iY) commute for all t, n[exp&X), 
exp,-( t Y)] = 1, and hence, [expti (X), exp&l I’)] E Z, the fundamental group of G, 
for all real t. As the latter is discrete and we have a continuous curve passing through 
the origin when t = 0, it follows that [exp&X)+ exp&tY)] = 1 for all t. Taking t = 1: 
we see that exp,-(X) and exp,-( Y) commute. Thus G- does not have the multiplica- 
tive property. 
Turning to the spiral group G and using our previous notations it is easy to see that 
since exp tA and exp sA commute, for X = (t, u! and Y = (s, w) E g, here (1.4) means 
that 
(exp tA - I) - exp zi - ‘(MI) = (exp sA - Ij*exp :: - I(Y). 
Letting a + hi be the complex con&gate eigenualues of A, u = 0, and using the fact that 
all operators in this equation are linear, we see that 
(exp t-4 - I) * exp 1: - Z(w) = 0, 
or since these operators commute, 
exp ;i - ’ - (exp t.4 - I)(w) = 0. 
Using a calculation made earlier we know exp tA = eteRbt so if a = 0 and b # 0, since 
det (exp tA - I) = 2( 1 - cos bt), exp t A - I I- u.a.D c cinmular for I = 27r/b. Now take w f 0 E 
Ker(exp tA - I) and s arbitrary. Then the equation above is satisfied. But since v = 0, 
t and w # 0: and A is non-singular, [X, Y]2, 1 = tA(w) # 0. This means if A has purely 
imaginary roots, the spiral group (group of Euclidean motions of the plane) does not 
have the multiplicative exponential property. The same is also true its universal 
covering groilp. This is because, just as in the argument concerning the universal 
covering group of SL(2, R) above, s E R and w # 0 E Ker (exp tA - I) are arbitrary and 
since Ker (exp tA - I) is a subspace, we can take SW for w and then argue, using the 
line s Y, as in SL(2, lRc to show exp,(X) and exp,(s Y) commute for all real s. But then, 
since the fundamental group is discrete, so do exp&X) and exp,-( Y). 
Now similar reasoning to the case a = 0 above shows that if a # 0 the opposite is 
true. Indeed, since A is invertable, assuming s and t # 0, and making use of the 
commutativity of the operators we see that the equation above is equivalent to 
(expsA-Z).(exptA-I) f =(expsA-Z)*(exptA-I) 5 . 
0 0 
But here exp sA - Z is non-singular. This is because its eigenvalues are es@ *bib - 1 and 
the only way such a thing can be zero is if s(a & bi) is an integral multiple of 2rci, which 
is impossible since a # 0. Likewise exp tA - Z is non-singular so v/t would have to 
coincide with w/s. But then, we would also have tA(w) - sA(v) = 0 = [U, y12,1 and so 
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[X, Y] = 0. Of course, if s = 0 = t we are in an abelian situation. The remaining 
possibility is, for example, s = 0, but t # 0. In this case the equation above simply says 
(exp tA - Z)(w) = 0 and since exp tA - I is invertable this means u’ = 0 so that, as 
above, [X, Y] = 0. Thus, except for circles, the Fpiral group has the multiplicative 
exponential property. (This is also true of the ax + h group which is a subgroup of the 
spiral group.) Taken together with the fact that the same is also true of the Heisenberg 
group, Euclidea n 3-space and the direct sum of the line with the ax + h group, it 
follows from what we proved that a simply connected solvable group of dimension 
less than or equal 3 has the multiplicative exponentiai property if and only if it is of 
type E (see [2]). 
We now extend these ideas to characterize connected Lie groups with the multipli- 
cative exponential property. As a result we get a new characterization of simply 
connected solvable groups of type E. 
Theorem 4.3. If a connected real Lie group G has the multiplicative exponential 
property it must be solvable and the adjoint representation has no purely imaginary 
roots. Conversely, a simplJ7 connected solvable Lie group G with no purely imaginary 
roots always has the multiplicative exponentis property. 
Proof. Let G be a connected Lie group with the multiplicative exponential property. 
Since a connected Lie subgroup of G must also have the multiplicative exponential 
property and the groups SU(2, C) and SL(2, IQ-do not have this property, arguing as 
in section 2, we see that G must be solvable. If the adjoint representation has 
a non-trivial purely imaginary root, then again arguing as in section 2 there exist YI 
and Y, E g, the Lie algebra of G, which are linearly independent, such that for all X E g, 
[X, Y, ] = ii(X) Y, + p(X) Y, and [X, Y,] = - p(X)Y, + i,(X)Y,, but this time i. = 0. 
Now adx[Y,, Y2] = [adx(Yi), Y,] + [Yi, adx(Y,)] so this is [p(X)Y,, 
Y,] + [ Yi, - p(X)Y,] = 0. If [ Yi, YJ # 0, then [Y,, YJ would be a root vector in 
I’, the space spanned by Yi and YZ, which is impossible. Therefore f Y,, YJ = 0 and 
V is abelian. Thus V together with { tX} for a fixed X E g and t E 53 is a subalgebra of 
g isomorphic with the Lie algebra of the Euclidean motions of the plane. The 
corresponding connected Lie subgroup of G must have the multiplicative exponential 
property. But the universal covering group of the group of Euclidean motions of the 
plane does not have the multiplicative exponential property. Since the same is true of 
anything covered by it, this contradiction proves the first statement of the theorem. 
Conversely, let G be a simply connected solvable Lie group with no purely 
irnaginary roots. The proof goes by induction on the dim, g. We already know this to 
be true in dimension less than or equal to 3. Let X an Ysg and suppose cxp,(Xj and 
exp,( Y) commute. In g choose a non-trivial minimal ideal o. Then dim, D is either 2 or 
1. If rr : g + g/n denotes the projection, then using the inductive hypothesis and the fact 
that quotient groups of G by connected normal subgroups are also simply connected 
solvable groups of type E, we see, as above, that LX, Y] E D. Let h stand for the linear 
span over 08 of X, Y and D. Then h is a subalgebra of g containing X and Y and we may 
clearly restrict our attention to this subalgebra nd the corresponding simply connec- 
ted analytic subgroup H of G. if d&r, = 1 then dimah is at most 3 and we would 
already be done. Thus we may assume that dim, o = 2 and dim, h = 4. We may also 
assume u is abelian. For otherwise, the ax + h Lie algebra would have a characteristic 
ideal of dimension I which would be a proper ideal in g smaller than n. 
Let L;~ and vz form a basis of D. Then (X, Y, c’~, c2) is a basis for h. Taking 
LX, Y] = rlfjl + r2r2 for structure constants we get 
and ad(Y) = 
where 
and A and B are respectively the restrictions of ad(X) and ad( i’j to D. Here 
and both a, and b, are # 0. Now a direct calculation tells us 
I 0 
ExpadW) = EX~(A) - I 
A 
P ExW) > 
and 
1 0 
Expand = EX~(B) - z 
B Q Exp(B) > 
Since P,d(exp(X)) = Exp ad X and Ad(exp( Y)) = Exp ad Y must also commute we see 
that, because [A, B] = 0 and therefore also Exp A and Exp B commute, this amounts 
to 
Exp(A) - Z Exp(B) - I - 
A B + Exp(A) B Q 
Exp(B) - Z = 
B 
Q + Exp(B) Exp(;) - ’ z-‘. 
But then, since both A and B are invertable, using the commutativity, this means 
(Exp(A) - Z)(Exp(B) - I)AQ = (Exp(A) - Z)(Exp(B) - Z)BP. 
Now, as above, Exp(A) - Z and Exp(B) - Z are also invertable. It follows that 
AQ = BP. Thus ad(X) and ad(Y) commute and hence [ad(X), ad(Y)] = 
ad[X, Y] = 0 so [X, Yj E 3(h). But then, X, Y and [X, Y] generate the Heisenberg 
algebra. The corresponding (simply connected) group must be the Heisenberg group 
2 itself and therefore has the multiplicative exponential property. Since exp,(X) and 
expx( Y) commute this means [X, Y] = 0. 0 
Corollary 4.4. A simp!y connected solvable group is of type E if and only if it has the 
inu!ti+kative exponential property. q 
Since, as we have already observed, a connected Lie subgroup of a simply connected 
solvable group having the multiplicative exponential property also has all these 
properties, we get the follo*Ying corollary. 
Corollary 4.5. A connected Lie subgroup of a simply connected solvable group of type 
E is also simply connected, solvable and of type E. •I 
As a consequence we also have the following. 
Corollary 4.6. Let H be a connected Lie subgroup of a simply connected solvable group 
G of type E and Ij and g be the respective Lie algebras. If exp X E H for some X E g, then 
XCIj. 
Proof. If exp X = h E H, then since H is of type E, h = exp Yfor some YE 6. Since exp is 
1: 1 on g, X = Y. 0 
Finally, our methods give a new and simple proof of the following result of 
Saito. 
Corollary 4.7. The center, Z(G), of a simply connected solvable group G of type E is 
connected. 
Proof. Let ZEZ(G). Since G is of type E, we know that z = exp X for some X ~9. It 
follows that exp X l exp Y = exp Ysexp X, for all YES. But, since G has the multipli- 
cative exponential property, this means that [X, Y] = 0. As Y is arbitrary XE~~, the 
Lie algebra of the center. Thus exp maps 3 onto Z(G) so Z(G) is connected. 0 
In stark contrast to the real case the situation here is simply that all p-adic linear 
groups have the multiplicative exponential property. 
Theorem 4.8. Let F be a p-adic field, and g the Lie algebra of a p-adic linear group 
G defined over F. lf X and YE g and satisfy (1.4) then [X, Y] = 0. 
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Proor”. As in the real case. exp HX -exp yt Y = exp n Y-exp nX for all n. Therefore for all 
k 2 2, the commutator, [exp(pkX), exp(pkY)] = 1. Hence the BCH formula, which 
holds near 0 E 11, implies that 
1 = [expipkX), exp(pkY)l = exp(p2k[X, Yl +.hW, Y)), 
where.f, is an analytic function of X and Y depending on k. Suppose that [X, Y] # 0. 
Then, for large k, every term in the series for,fk(X? Y) has norm < pZk ii[X, Y] I). But 
PZk[X, Y] +.fk(X, Y) = 0, f rom Lemma 3.2. This gives a contradiction to Lemma 
3.1. cl 
References 
[I] G.P. Hochschild, The Structure of Lie Groups (Holden Day, San Francisco, 1965) 
[Z] N. Jacobson, Lie Algebras (Wiley-Interscience, New York, 1962). 
[3] J.P. Serre. Lie Groups and Lie Algebras (Benjamin. Boston, 1965). 
